An analytical model is developed for optimizing two key parameters of an external passive Q-switch in a fiber laser from the criterion of the minimum average mode area inside the saturable absorber. One parameter is the optimum focal position that is analytically derived to be a function of the thickness and initial transmission of the saturable absorber. The other parameter is the optimum magnification of the reimaging optics that is analytically derived to be in terms of the numerical aperture and core radius of the laser fiber as well as the thickness and initial transmission of the saturable absorber. To demonstrate the utilization of the present model, an experiment on the subject of the passively Q-switched fiber laser is performed and optimized.
Introduction
Thedominanceofexcellentbeamquality,highefficiency, compactness and reliability has enabled diode-pumped rare-earth-doped double-clad fiber lasers to be very important light sources [1, 2] . In recent years, high-peakpower Q-switched fiber lasers have attracted a great deal of attention because they are practically useful in numerous applications, such as range finding, remote sensing, industrial processing, and medicine [3] [4] [5] [6] . Among various Q-switching methods, the passive Qswitching technique by means of saturable absorbers is particularly interesting from both a fundamental and a technological point of view. Up to now, Cr 4þ -doped [7] , Sm-doped [8] , and Tm 3þ -Yb 3þ codoped [9] fibers havebeendevelopedasfibersaturableabsorbersinfiber laser systems in the range of 1:0-1:1 μm.
Alternatively, the passive Q-switching of a fiber laser at 1:0-1:1 μm can be achieved by use of a Cr 4þ -doped crystal [10] [11] [12] [13] or a semiconductor material [14] as an external saturable absorber. The extended cavity consists of a reimaging optics to couple the laser mode into the saturable absorber [15] . In most cases, the average mode area inside the saturable absorber, A s , significantly affects the output pulse energy and efficiency [16] .Therefore,itisimportanttodevelopadesignmodel for optimizing the average mode area inside the saturable absorber.
Here we briefly describe the significance of A s for the passive Q-switching operation and then derive A s as an analytical function of the focal position of the reimaging mode, the numerical aperture and core size of the laser fiber, and the initial transmission and thickness of the saturable absorber. The analytical function enables us to obtain an explicit expression for the optimum focal position of the reimaging laser mode. Under the condition of minimum A s , the optimum magnification of the reimaging optics is exactly derived in terms of the physical parameters of the laser fiber and the saturable absorber. The present model provides a straightforward procedure to determine the optimum reimaging magnification for an external passive Q-switch in a fiber laser. A practical example of an end-pumped Yb-doped fiber laser with a Cr 4þ :YAG crystal as a saturable absorber is considered to illustrate the utilization of the present model.
Background
The coupled rate equations often used to model passively Q-switched lasers are generally based on the approximation of the uniform pumping of the gain medium, the intracavity optical intensity as axially uniform, and the complete recovery of the saturable absorber [17] [18] [19] . Including the focusing effect, the coupled equations for a four-level saturable absorber are given by [16, 20] 
where ϕ is the intracavity photon density with respect to the cross-sectional area of the laser beam in the gain medium, n is the population density of the gain medium, l s is the length of the saturable absorber, A=A s is the ratio of the average area in the gain medium and in the saturable absorber, n so is the total population density of the saturable absorber, n gs and n es are the instantaneous population densities in the ground and excited states of the saturable absorber, respectively, σ gs and σ es are the ground-state absorption and excited-state absorption cross sections of the saturable absorber, respectively, R is the reflectivity of the output mirror, L is the round-trip dissipative optical losses, γ is the inversion reduction factor (γ ¼ 1 and γ ¼ 2 correspond to, respectively, four-level and three-level systems; see Ref. [17] ), and t r ¼ 2l 0 =c is the round-trip transit time of light in the cavity optical length l 0 , where c is the speed of light. Note that although the approximation of uniform population inversion and photon density is not rigorously accurate, it has been confirmed to provide an excellent design guideline for solidstate lasers [16] [17] [18] . The experimental results shown in Section 5 validate the uniform approximation to be also applicable in fiber lasers.
Dividing Eq. (3) by Eq. (2) yields a separable firstorder ordinary differential equation:
Equation (5) can be solved to obtain
where n i is the initial threshold value of the population inversion density in the gain medium at the start of Q-switching and the quantity α is given by
We denote the quantity α to be the bleaching rate parameter (BRP) because its value determines the bleaching rate after the population inversion density reaches the initial threshold value.
With the coupled rate of Eqs. (1)- (4), the expression for the output pulse energy of the passively Q-switched laser has been derived to be given by [16, 19] 
where hv is the laser photon energy, R is the reflectivity of the output mirror, and the parameter x represents the extraction efficiency of the energy stored in the gain medium through the lasing process. In terms of the BRP, the equation for the parameter x is given by
Note that in the calculation of the pulse energy with Eq. (8) the effect of cavity losses is included in the process of solving Eq. (9) with the parameter L. Furthermore, the nonlinear effects are not included in the present model because of the property of large mode areas of the fiber lasers studied here. Equation (6) manifests that the larger the BRP, the faster the saturable absorber is bleached. As a consequence, the larger the BRP, the higher is the output efficiency of a passively Q-switching laser [16] [17] [18] [19] . As indicated in Eq. (7), the BRP is proportional to the effective ratio A=A s for a given gain medium and a given saturable absorber. Therefore, the optimization of the effective ratio A=A s is essentially critical for developing an efficient passively Qswitched laser. For a given fiber laser, the maximization of the effective ratio A=A s is directly related to the minimum A s , as illustrated in Fig. 1 . Since the minimum A s is governed by the reimaging magnification M a of the extended cavity, it is of practical usefulness to derive the optimum magnification in terms of the physical parameters of the laser fiber and the saturable absorber.
Itis worthwhile to mention that the use of an external passive Q-switch and a high reflector is usually sufficient to completely prevent the CW lasing between the fiber end facets because the threshold is considerably reduced by the external feedback. The detailed discussion will be given in Section 5.
Optimization of Reimaging Magnification
The laser mode size in the saturable absorber is generally given by [21] 
where ω o is the beam waist of the laser mode, z o is the position of the beam waist, λ is the laser wavelength, M 2 is the beam-quality factor, n r is the refractive index of the saturable absorber, and the point z ¼ 0 is set at the incident surface of the saturable absorber. For a given core radius r c , the beam waist in the saturable absorber is directly related to the reimaging magnification M a by
With the brightness theorem, the beam-quality factor M 2 can be given by
where NA is the numerical aperture of the laser fiber. Substituting Eqs. (12) and (13) into Eq. (11), the factor C can be expressed as
To take the round-trip effect into account, the average mode area in the saturable absorber, A s , can be properly in terms of the mean square of the average mode size as
where
when the round-trip effect is taken into account. Therefore, the influence of the round-trip effect on the effective beam area can be clearly found to be insignificant. Since Eq. (17) for the single-pass approximation leads the derivation to be more concise, it is used for optimizing the effective beam area. On the other hand, the standing-wave effect is omitted because the multilongitudinal mode operation of long fibers reduces this effect.
Substituting (10) into (17), the integration can be exactly carried out and the average mode area is expressed as
where T o ¼ e −n so σ gs l a represents the initial transmission of the saturable absorber. Note that the expression of Eq. (18) is in term of the initial transmission T o instead of n so σ gs because T o is a macroscopic property of the saturable absorber and can be definitely measured. 
Equation (19) leads to the z opt to be given by
Equation (20) indicates that the optimum focal position depends only on l a and T o , i.e., the properties of the saturable absorber. Substituting Eqs. (12), (14), and (20) into Eq. (18), the average mode area at the optimum focal position is then given by
The optimum magnification, M opt , for minimizing the mode area can be analytically determined by partially differentiating Eq. (21) with respect to M a and setting the resulting equation equal to zero:
Consequently, the M opt is given by
Equation (23) indicates that the optimum reimaging magnification M opt can be straightforwardly determined with the numerical aperture and core radius of the laser fiber as well as the thickness and initial transmission of the saturable absorber. Figure 4 depicts a calculated example with Eq. (22) and the parameters of NA ¼ 0:04, r c ¼ 12:5 μm, n r ¼ 1:82, and T o ¼ 0:5 to reveal the dependence of the average mode area on the magnification M a for several l a values. The dashed line in Fig. 4 shows the minimum average mode areas corresponding to the optimum magnification M opt .
Experimental Results
To illustrate the utility of the present model, a Ybdoped fiber laser with a Cr 4þ :YAG crystal as a saturable absorber is considered. Figure 5 shows the plot of the experimental setup that consists of a 1:5 m long fiber with a core diameter of 25 μm and a numerical aperture of 0.04. The fiber end facets were cut to be normal incident for the free-running operation. The pump source was a 13 W 976 nm fiber-coupled laser diode with a core diameter of 400 μm and a numerical aperture of 0.22. A focusing lens with 25 mm focal length and 92% coupling efficiency was used to reimage the pump beam into the fiber through a dichroic mirror with high transmission (>90%) at 976 nm and high reflectivity (>99:8%) at 1075 nm. The pump spot radius was approximately 200 μm. Although most of the fiber lasers can get CW lasing between facets without the external high-reflection cavity, the threshold of the fiber laser with an extended highreflection cavity is considerably lower than that of the fiber laser without external feedback. Experimental results reveal that the threshold of the passive Q-switched fiber laser with an extended cavity is also usually lower than that of CW free-running operation between facets, as shown in Fig. 7 . Since the extended cavity dominates the lasing, the couple-cavity effect arising from facets is insignificant in the performance of the passive Qswitching operation. Figure 8 shows the pulse repetition rate and the pulse energy versus the incident pump powerattheoptimumfocalposition.Thepulserepetition rate initially increases with pump power, and is approximately up to 22 kHz at an incident pump power of 10 W. Like typically passively Q-switched lasers, the pulse energies weakly depend on the pump power and their values are found to be approximately 210 μJ. The pulse width is found to be in the range of 60-70 ns, as shown in the inset of Fig. 8 . To validate the developed models, two more experiments were performed with other saturable absorbers (T o ¼ 0:3, l a ¼ 3:0 mm and T o ¼ 0:6, l a ¼ 2:6 mm) and a reimaging magnification of M a ¼ 0:7. Figure 9 shows the experimental results for the dependence of the output pulse energy on the focal position at an incident pump power of 10 W. The good agreement between experimental results and theoretical predictions confirms the validity of our physical analysis.
Conclusion
We have developed an analytical model for the optimization of the extended cavity with a saturable absorber in a passively Q-switched fiber laser. From the criterion of the minimum average mode area inside the saturable absorber, the optimum focal position was derived to be an analytical function of the thickness and initial transmission of the saturable absorber. With the expression of the optimum focal position, the optimum magnification of the reimaging optics was exactly derived to be a compact close form in terms of the physical properties of the laser fiber as well as the saturable absorber. The present model provides a straightforward procedure to determine the key parameters for optimizing passively Q-switched fiber lasers. Finally, an experiment on the subject of the passively Q-switched fiber laser has been performed to validate the present model and to manifest the utilization.
